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For ﬁxed positive integer k, let En denote the set of lattice paths using the steps
1 1, 1−1, and k 0 and running from 0 0 to n 0 while remaining strictly
above the x-axis elsewhere. We ﬁrst prove bijectively that the total area of the
regions bounded by the paths of En and the x-axis satisﬁes a four-term recurrence
depending only on k. We then give both a bijective and a generating function argu-
ment proving that the total area under the paths of En equals the total number
of lattice points on the x-axis hit by the unrestricted paths running from 0 0 to
n− 2 0 and using the same step set as above.  2002 Elsevier Science (USA)
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1. INTRODUCTION
In the plane  × , we study the area under lattice paths having three
permitted step types: a rise step deﬁned by 1 1, a fall step deﬁned by
1−1, and a k-horizontal step deﬁned by k 0, where k is a ﬁxed positive
integer. For n ≥ 2, let En denote the set of such paths running from 0 0 to
n 0 and remaining strictly above the x-axis except initially and ﬁnally. For
example, the well-known elevated Motzkin and Schro¨der paths correspond,
respectively, to k = 1 and k = 2, while the elevated Dyck paths correspond
to disallowing horizontal steps.
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TABLE I
The Values of an = cn−1 = Kn−2 for k = 1 2 	 	 	  6, and n = 2 3 	 	 	  10
k\n 2 3 4 5 6 7 8 9 10
1 1 2 7 20 61 182 547 1640 4921
2 1 0 7 0 41 0 239 0 1393
3 1 0 4 4 16 24 71 128 328
4 1 0 4 0 21 0 92 0 409
5 1 0 4 0 16 6 64 32 256
6 1 0 4 0 16 0 71 0 292
With k ﬁxed, let an denote the total area of the regions bounded by the
paths of En and the x-axis. Table I lists values of ann≥2, for various values
of k. In general, for any positive integer k, we prove that
an = 4an−2 + 2an−k − an−2k (1)
for n ≥ 2k+ 2, subject to suitable initial conditions. For the elevated Dyck
paths we have the well-known recurrence, an = 4an−2, with a1 = 0 and
a2 = 1.
Woan et al. [12] used generating functions in giving the ﬁrst substantive
proof of this recurrence in the case of Dyck paths. Barcucci et al. [2] made
a detailed study of recurrences for (non-elevated) Motzkin paths which
included a recurrence for area. Sulanke [10] gave a bijective proof of (1)
for k = 1. Kreweras [4] and Bonin et al. [3] considered (1) for the Schro¨der
case. The latter asked for a combinatorial interpretation of (1) when k = 2.
Their query was ﬁrst answered by Barcucci et al. [1] in terms of a regular
language and then by Sulanke [9] and by Pergola and Pinzani [5] in terms
of paths. Recently, Sulanke [11] extended the method of [12] to obtain (1)
for any ﬁxed k.
In the following we take k to be a ﬁxed positive integer. One can easily
modify our results into ones for Dyck paths. In the next two sections we
extend the scheme used in [5] to prove recurrence (1). We ﬁrst deﬁne an
auxiliary class of paths whose counts satisfy the recurrence and then give
a bijection between the unit squares representing the total area under the
paths of En and this auxiliary class.
In Section 4 we show that the total area under the paths of En equals
the number of points having ordinate 0 on the so-called generalized grand
Motzkin paths or unrestricted k-paths (i.e., all paths using the rise, fall, and
k-horizontal steps), running from 0 0 to n− 2 0. In the last section, we
reconsider the results of this paper using generating functions.
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2. AN AUXILIARY PATH CLASS
For a positive integer n, let n denote the set of all unrestricted paths
using the steps 1 1, 1−1, and k 0 that run from 0 0 to n y
where y is any odd positive integer. We deﬁne the set of paths n so that
1 = 1 = 	1 1
 and, for n ≥ 2
n = n ∪ 	h 0Dj 0  h > 0 j > 0 h+ j = kD ∈ n−k
	
Proposition 2.1. The cardinality cn of the set n satisﬁes the recurrence
relation
cn = 4cn−2 + 2cn−k − cn−2k n ≥ 2k+ 1 (2)
subject to the initial conditions
c1 = 1
cj = 4cj−2 for 1 < j < k+ 1
ck+1 = 4ck−1 + k+ 1
cj = 4cj−2 + 2cj−k for k+ 1 < j < 2k+ 1	
Proof. The initial conditions are easily checked. To prove that cnn≥1
satisﬁes the recurrence (2) for n ≥ 2k + 1, we construct the paths of n
from the paths in n−2 ∪ n−k:
(a) Let C be a path in n−2 which is factored as C = h 0Dj 0,
where D ∈ n−2 for h = j = 0 or D ∈ n−2−h−j for h+ j = k when h > 0
and j > 0. We pass from C to four paths in n using the following four
operations (Fig. 1(a)):
1. insert a rise step followed by a fall step at the beginning of D;
2. insert a fall step followed by a rise step at the beginning of D;
3. insert a pair of rise steps at the beginning of D;
4. if the ordinate of the last point of C is 1, insert a pair of fall
steps at the beginning of D and then exchange each rise step with a fall
step and vice versa; otherwise, insert a pair of fall steps at the beginning of
D. (Figure 1(a) shows only the case where the path C has the ordinate of
its last point equal to 1.)
(b) Let C be a path of n−k factored as C = h 0Dj 0, where
D ∈ n−k, for h = j = 0 or D ∈ n−k−h−j , for h + j = k when h > 0
and j > 0. We pass from the path C to two paths in n by means of two
operations (Fig. 1(b)):
1. insert a k-horizontal step at the beginning of D;
2. insert a k-horizontal step immediately after the ﬁrst step of D.
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FIG. 1. The different operations to pass from paths in n−2 and n−k to paths in n.
The paths obtained by the six operations lie in n; moreover, each path
in n is obtained from a unique path C in n−2 ∪ n−k except when the
path in n begins with at least two k-horizontal steps. In that case the
path is obtained precisely twice, and the total number of duplicated paths
is clearly the number of paths in n−2k. Thus, for n ≥ 2k+ 1, the equality
4cn−2 + 2cn−k = cn + cn−2k holds.
3. THE BIJECTION BETWEEN UNIT SQUARES AND
THE AUXILIARY PATHS
Consider the region bounded by a path P ∈ En and the x-axis. The area
of this region is represented by the union of unit squares, each with vertices
x y, x y + 1, x + 1 y, x + 1 y + 1 ∈  ×  for which x y and
x+ 1 y + 1 are on or below the path P . Since each rise step of P can be
matched with the following fall step having the same level, we include those
squares where the step x y x + 1 y + 1 is a rise on P and exclude
those squares where x y + 1 x+ 1 y is a fall on P . We use x y P
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FIG. 2. The area of the path in terms of unit squares.
to denote any such square where x y is the lower-left vertex and P is its
covering path. See Fig. 2.
With AP denoting the set of squares of the form x y P represent-
ing the area under P , let An = ∪P∈EnAP.
Proposition 3.1. The total area an bounded by the paths of En satisﬁes
the recurrence relation
an = 4an−2 + 2an−k − an−2k
for n ≥ 2k+ 2, subject to the initial conditions
a2 = 1
aj = 4aj−2 for 2 < j < k+ 2
ak+2 = 4ak + k+ 1
aj = 4aj−2 + 2aj−k for k+ 2 < j < 2k+ 2	
Proof. We obtain this recurrence and its initial conditions by establishing
a bijection between An and n−1. For the square x y P ∈ An, let U be
the point on P with abscissa x+ 1. Draw a horizontal ray to the right from
the center of this square and draw a horizontal ray to the right from the
center of each square beneath it. There are y + 1 such rays. Each ray hits
for the ﬁrst time a fall step in P . We modify P by changing the steps that
are hit to rise steps and by deleting the initial rise step. In this modiﬁed
path transpose the subpath preceding U with the subpath following U . The
resulting path is in n−1 and the coordinates of its last point are n −
1 2y + 1 (Fig. 3).
This mapping is inverted as follows (Fig. 4). For P ′ ∈ n−1, let T =
n − 1 2y ′ + 1, for y ′ ≥ 0, be the terminal point of P ′ and let q be the
least ordinate of the points on P ′. From each of the points n − 1 q +
1
2  n− 1 q+ 1+ 12  	 	 	  n− 1 q+ y ′ + 12  draw a ray to the left until it
hits P ′, necessarily at a rise step. Let U ′ be the terminal point of the step
hit by the ray from n− 1 q+ 1+ 12 . Let L be the full subpath preceding
U ′ in which each hit step is changed to a fall step. The path P ∈ En is
obtained by prepending a rise step to the subpath following U ′ on P ′ and
then appending the path L. If x′ + 1 is the abscissa of the ﬁrst point of L
on P , then the desired square is x′ y ′ P.
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FIG. 3. A unit square x y P and the corresponding path in n−1.
4. A BIJECTION BETWEEN THE UNIT SQUARES AND THE
X-INTERCEPTS OF UNRESTRICTED K-PATHS
We now extend a technique of Pergola [6] to prove a result which
Shapiro [7] mentioned to us in the case of Dyck paths. Let Gn denote the
set of generalized grand Motzkin paths running from 0 0 to n 0.
Proposition 4.1. The total area of the regions under the paths of En is
equal to the number of lattice points having ordinate 0 on the paths of Gn−2.
Proof. Let p′0 p′1 	 	 	  p′n−2 be the sequence of the ordinates of the
lattice points traced by a path P ′ ∈ Gn−2. We wish to form a bijection
An →
⋃
P ′∈Gn−2
	j p′j  p′j = 0 0 ≤ j ≤ n− 2
	
For x y P ∈ An (Fig. 5):
1. let U = xu yu be the point on P with abscissa xu = x+ 1;
2. let Q be the last point on P preceding U having ordinate yu − 1;
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FIG. 4. A path in n−1 and the corresponding unit square x′ y ′ P.
3. let L and R be the nearest points on P on the left and the right of
U , respectively, having ordinate y;
4. let O and T be the initial and terminal points, respectively, of P .
Form a new path by concatenating sequentially the subpaths (R to T ), (O to
L), (Q to R), (L to Q) from P . In this new path U has ordinate 1. The ﬁrst
and the last steps of the concatenation (O to L)(Q to R) are, respectively,
a rise and a fall step, which we delete. The resulting path, P ′, is in Gn−2
and U is moved to a point with ordinate 0.
We observe that our construction requires that, on P ′, the terminal point
of the subpath (R to T ) is the leftmost point with least ordinate on the left
of U and the initial point of the subpath (L to Q) is the rightmost point
with least ordinate on the right of U . These observations are the keys to
inverting the map which we now describe.
Given a path P ′ inGn−2 and a point U of ordinate 0 (Fig. 6), we designate
the following points:
1. let F be the leftmost point from U on P ′ having lowest ordinate
on the left of U ,
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FIG. 5. From x y P ∈ An to a lattice point U of ordinate 0 on P ′ ∈ Gn−2.
2. let M be the rightmost point from U on P ′ having lowest ordinate
on the right of U .
First insert a rise step immediately following F and insert a fall step
immediately preceding M . Let E and N denote, respectively, the ﬁrst and
the last points of this modiﬁed path. In this path, let Q denote the nearest
point to the left of U with ordinate 0 and let m be the absolute value
of the ordinate of M . Form a new path P by concatenating sequentially
the following subpaths from the modiﬁed path: (F to Q), (M to N), (Q
to M), (E to F). If on P , the relocated U has coordinates xu yu, then
xu − 1 yu −m − 1 P is the square in An corresponding to P ′ ∈ Gn−2
and the original point U of ordinate 0.
5. A GENERATING FUNCTION APPROACH
In this section we reestablish the results of our three propositions by
generating function methods. For a ﬁxed k, let Gt z denote the bivariate
generating function for all paths starting at 0 0 and using rise, fall, and
k-horizontal steps, where z marks length and t marks the ordinate of the
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FIG. 6. A lattice point of ordinate 0 on a Gn−2 path and the corresponding unit square of
a En path.
endpoint. One obtains at once G = 1+ tzG+ 1
t
zG+ zkG, and hence
Gt z = 1
1− tz − 1
t
z − zk 	
Observe that Ht z = 12 Gt z −G−t z is the generating function for
the paths that end at a point with odd ordinate (positive or negative). Thus
H1 z is the generating function of all paths starting at 0 0 according
to length.
Set dn = n, the number of paths of length n ending at a point
with odd positive ordinate. Because each path ending at ordinate h can
be reﬂected into a path ending with ordinate −h, the generating function
Dz =∑n≥1 dnzn can be expressed as
Dz = 1
2
H1 z = z1− zk2 − 4z2 	
From the deﬁnition of n in Section 2 we have cn = dn + k − 1dn−k,
leading to the generating function Cz =∑n≥1 cnzn satisfying
Cz = z1+ k− 1z
k
1− zk2 − 4z2 	
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Comparing coefﬁcients in z1 + k − 1zkCz = 1 − zk2 − 4z2 yields
the recurrence relation of Proposition 2.1.
Let Az = ∑n≥2 anzn be the generating function for the total area
of the regions under the paths of Enn≥2. Proposition 3.1 shows that an
satisﬁes a recurrence having the same form as that for cn−1 in relation (2).
Thus, equivalent to Proposition 3.1 is the formula
Az = ∑
n≥2
anz
n = z
21+ k− 1zk
1− zk2 − 4z2 	 (3)
We remark that in [11] we extended the generating function techniques
of [12] to obtain formula (3) directly, and hence the recurrence of
Proposition 3.1.
To prove Proposition 4.1, we must ﬁrst review the generating functions
for the cardinalities of k-Motzkin and unrestricted k-paths, which were
previously considered in [11]. Put mz = ∑n≥0mnzn, where mn denotes
the number of those k-paths from 0 0 to n 0 that never run below
the horizontal axis. By the standard argument that every k-Motzkin path
is either (i) a point or (ii) a k 0 step followed by a k-Motzkin path or
(iii) an elevated k-Motzkin path followed by a k-Motzkin path, we obtain
at once
M = 1+ zkM + z2M2	
Let &z denote the generating function for the unrestricted k-paths.
Since every unrestricted k-path is either (i) the reﬂection (in the x-axis)
of a k-Motzkin path or (ii) a unrestricted k-path followed by an elevated
k-Motzkin path followed by the reﬂection of a k-Motzkin path, we have
& =M + z2M2&	
Eliminating M from the last two relations, we obtain
&z = 1√
1− zk2 − 4z2
	 (4)
Alternatively, &z can be obtained from Gt z by observing that &z =
t0Gt z (see Stanley [8, Section 6.3]).
From (3) and (4) we ﬁnd that
Az = z2&z1+ k− 1zk&z	
Motivated by this factorization, we have the following generating function
proof for Proposition 4.1, suggested by Shapiro [7] in the case of Dyck
paths.
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Put G = ⋃n Gn. Let Kn denote the sum, over all paths P ∈ Gn, of the
number of times P contains a lattice point with ordinate 0. We observe that
such a point either must be the endpoint a path of G and the starting point
of a translation of a path of G or must be one of the k− 1 interior points of
a horizontal step, preceded by a path of G and followed by a translation of
a path of G. Hence,
∑
n≥0
Knz
n = &z&z + k− 1zk&z&z = z−2Az (5)
proving Proposition 4.1.
Alternatively, we can argue that, if p0 p1 	 	 	  pn denotes the sequence
of ordinates of the lattice points traced by P , then
Kn =
∑
P∈Gn
	j  pj = 0 0 ≤ j ≤ n

= ∑
0≤j≤n
	P ∈ Gn  pj = 0

= ∑
0≤j≤n
	P ′P ′′  P ′ ∈ Gj P ′′ ∈ Gn−j

+ k− 1	P ′P ′′  P ′ ∈ Gj P ′′ ∈ Gn−j−k
	
In the last step, each P ′′ is actually a translation of some path in G. The
convolution of generating functions also yields (5).
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